Rules for integrands of the form (a + bSec[e + fx])™ (dSec[e + fx])" (A+BSec[e + fXx])

1, j(a+b5ec[e+fx]) (dsec[e+fx])" (A+BSec[e+fx])dx when Ab-aB#0

1: J(a+bSec[e+fX]) (dSec[e+-Fx])" (A+BSec[e+-Fx])dlx when Ab-aB#0 A ns<-1

Derivation: Nondegenerate secant recurrence lawithA - aA, B>Ab+aB, C-bB, m->0, p->0

Rule:lf Ab-aB #0 A n < -1,then

J(a+bSec[e+-Fx]) (dsec[e+fx])" (A+BsSec[e+fx])dx —

AaTan[e+fx]| (dSec[e+fx])" 1 -
- p +d— (dsec[e+fx])™" (n(Ba+Ab) + (Bbn+Aa (n+1)) Sec[e+fx]) dx
n n

Program code:

Int[(a_+b_.xcsc[e_.+f_.»x_])*(d_.xcsc[e_.+Ff_.#x_])~n_«(A_+B_.xcsc[e_.+f_.+x_]),x_Symbol] :=
AxaxCot [e+'F*X] * (d*Csc [e+'F*X] )"n/(f*n) +
1/ (dxn) *Int [ (d*Csc [e+'F*x] ) A(n+1) *Simp [n* (Bxa+Axb) + (Bxbxn+Axax (n+1) ) *Csc [e+f*x] ,x] ,x] /8
FreeQ[{a,b,d,e,f,A,B},x] && NeQ[Axb-axB,0] && LeQ[n,-1]



Rules for integrands of the form (a+b sec(e+f x)~"m (d sec(e+f x))~n (A+B sec[e+f x])

2: J(a+bSec[e+fX]) (dSec[e+fx])" (A+BSec[e+-Fx])dlx when Ab-aB#0 A ng-1

Derivation: Nondegenerate secant recurrence 1b withA - aA, B-Ab+aB, C—-bB, m—>0, p->0

Rule:lf Ab-aB #0 A n ¢ -1,then

J-(a+bSec[e+-Fx]) (dsec[e+fx])" (A+BsSec[e+fx])dx —

bBTan[e+-Fx] (dSec[e+1’x])n 1
+

D) - 1J(dSec[e+fx])"(Aa(n+1)+an+(Ab+Ba) (n+1) Sec[e+fx]) dx
+ +

Program code:

Int[(a_+b_.xcsc[e_.+f_.xx_])*(d_.xcsc[e_.+f_.#x_]) n_.» (A_+B_.xcsc[e_.+f_.»x_]),x_Symbol] :=
—b*B*Cot[e+f*x]*(d*Csc[e+f*x])An/(f*(n+1)) +
1/ (n+1) xInt [ (d*CSC [e+'F*X] ) An*Simp [A*a* (n+1) +Bxbxn+ (Axb+Bxa) * (n+1) *Csc [e+'F*X] ,X] ,X] /3
FreeQ[{a,b,d,e,f,A,B},x] & NeQ[A«b-axB,0] && Not[LeQ[n,-1]]



Rules for integrands of the form (a+b sec(e+f x)~"m (d sec(e+f x))~n (A+B sec[e+f x])

2. jSec[erFx] (a+bSec[e+-Fx])'" (A+BSec[e+-Fx])d1x when Ab-aB#0

Sec[e+-Fx] (A+BSec[e+-Fx])
1:J dx when Ab-aB#0

a+bSec[e+fx]

Derivation: Algebraic expansion

‘«e A+BZz B Ab-aB
Basis: atbz b b (a+b z)

Rule:If Ab - aB # 9, then

JSec[e+-Fx] (A+Bsec[e+fx]) dx

Ab_aBJ- Sec[e+fx]

B
dx — —JSec[erFx] dx +
b b

a+bSec[e+fx| a+bSec[e+fx|

Program code:
Int[csc[e_.+f_.#x_]»(A_+B_.xcsc[e_.+f_.xx_])/(a_+b_.xcsc[e_.+f_.+x_]),x_Symbol] :=

B/bxInt[Csc[e+fxx],x] + (Axb-aB)/bsInt[Csc[e+fxx]/(a+bsCsc[e+fxx]),x] /;
FreeQ[{a,b,e,f,A,B},x] && NeQ[Axb-aB,0]

2. jSec[e+fx] (a+bsec[e+fx])" (A+BSec[e+fx])dx when Ab-aB#0 A a>-b?==0

1: |sec[e+fx] (a+bSec[e+fx])" (A+BSec[e+fx])dx whenAb-aB#0 A a’-b>=0 A aBm+Ab (m+1) =

Derivation: Singly degenerate secant recurrence 2a with A —» - %, n-0, p->0
Derivation: Singly degenerate secant recurrence 2c with A - - %, n-0, p—0

Note:If a2 -b?==0 A aBm+Ab (m+1) == 0,thenm+ 1 + 0.

Rule:if Ab-aB+0@ A a2-b2=0 A aBm+Ab (m+1) =0,then



Rules for integrands of the form (a+b sec(e+f x)~"m (d sec(e+f x))~n (A+B sec[e+f x])

BTan[e+fx] (a+bSec[e+-Fx])"'

S f bs £x])" (A+BS f d
jec[e+ x] (a+bsec[e+fx])" (A+BSec[e+fx])dx — D)

Program code:

Int[csc[e_.+f_.#x_]*(a_+b_.xcsc[e_.+F_.#x_]) m_« (A_+B_.xcsc[e_.+f_.#x_]),x_Symbol] :=
—B*Cot[e+f*x]*(a+b*Csc[e+f*x])Am/(f*(m+1)) /3
FreeQ[{a,b,A,B,e,f,m},x] & NeQ[Axb-a+B,0] & EqQ[a"2-b"2,0] && EqQ[a*Bsm+Axbx (m+1),0]

2. |sec[e+fx]| (a+bSec[e+fx])" (A+BSec[e+fx]|)dx when Ab-aB#@ A a*>-b*==0 A aBm+Ab (m+1) #0

1: Sec[e+-Fx] (a+bSec[e+-Fx])"'(A+BSec[e+-Fx])d1x when Ab-aB#0 A a2-b2==0 A aBm+Ab (m+1) ¢e/\m<—%

Derivation: Singly degenerate secant recurrence 2a withn - 0, p - @
Rule:if Ab-aB+0 A a?2-b2=0 AaBm+Ab (m+1) #0 A m< —%,then

jSec[e+fx] (a+bsec[e+fx])" (A+BSec[e+fx])dx —

Ab-aB) T f bs £x])" b
_( aB) Tan[e+ £x] (a+bsecfe+ fx]) +aBm+A m+1) JSec[erFx] (a+bSec[e+-Fx])"'+1d1x
af (2m+1) ab2m+1)

Program code:

Int[csc[e_.+f_.#x_]*(a_+b_.xcsc[e_.+F_.#x_]) m_« (A_+B_.xcsc[e_.+f_.#x_]),x_Symbol] :=
(Axb-axB) xCot [e+fxx]+ (a+bxCsc[e+fxx]) m/ (axfx (24m+1)) +
(a*B*m+A*b*(m+1))/(a*b*(2*m+1))*Int[Csc[e+f*x]*(a+b*Csc[e+f*x])A(m+1),x] /5
FreeQ[{a,b,A,B,e,f},x] && NeQ[Axb-axB,0] && EqQ[a"2-b"2,0] && NeQ[axBxm+Axbx (m+1),0] & LtQ[m,-1/2]



Rules for integrands of the form (a+b sec(e+f x)~"m (d sec(e+f x))~n (A+B sec[e+f x])

1

2: [sec[e+fx] (a+bSec[e+fx])" (A+BSec[e+fx])dx whenAb-aB#@ A a>-b>==0 A aBm+Ab (m+1) #0 A me -2

Derivation: Singly degenerate secant recurrence 2c withn -0, p > 0

Rule:if Ab-aB+0 A a?-b2==0 A aBm+Ab (m+1) ;e@Amg:—%,then

jSec[e+fX] (a+bsec[e+fx])" (A+BSec[e+fx])dx —

BT f bs f "
anfe+fx] (a+bsecfer fx]) +aBm+Ab(m+n Jsu[e+f4 (a+bsec[e+fx])"dx
f (m+1) b (m+1)

Program code:

Int[csc[e_.+f_.*x_]*(a_+b_.xcsc[e_.+F_.#x_]) m_« (A_+B_.xcsc[e_.+f_.#x_]),x_Symbol] :=
-BxCot [e+f*x] * (a+b*CSC [e+f*x] ) "m/(f* (m+1) ) +

(a*Bxm+Axbx (m+1) ) / (b* (m+1) ) »Int [Csc[e+Fxx]« (a+bxCsc[e+Ffxx]) m,x] /;
FreeQ[{a,b,A,B,e,f,m},x] & NeQ[Axb-axB,0] && EqQ[a"2-b"2,0] 8&& NeQ[axBxm+Axbx (m+1),0] & Not[LtQ[m,-1/2]]



Rules for integrands of the form (a+b sec(e+f x)~"m (d sec(e+f x))~n (A+B sec[e+f x])

3. JSec[e+fx] (a+bSec[e+-Fx])"' (A+BSec[e+-Fx]) dx when Ab-aB#0 A a2-b%#0

1: |Sec[e+fx] (a+bsSec[e+fx])" (A+BSec[e+fx])dx whenAb-aB#@ A a’-b’>#0 Am>0

Reference: G&R 2.551.1 inverted
Derivation: Nondegenerate secant recurrence 1lb withA - aA, B-Ab+aB, C-bB, m-0, n>n-1, p->0

Rule:Iif Ab-aB 0 A a2-b%2+@ A m> 0,then

fSec[erFx] (a+bsec[e+fx])" (A+BSec[e+fx])dx —

BTan[e+-Fx] (a+bSec[e+fx])'"

1 m-1
+ JSec[erFx] (a+bsSec[e+fx])"" (bBm+ac (m+1) + (aBm+Ab (m+1)) Sec[e+fx]) dx
f (m+1) m+1

Program code:
Int[csc[e_.+f_.#x_]*(a_+b_.xcsc[e_.+F_.#x_]) m_« (A_+B_.xcsc[e_.+f_.#x_]),x_Symbol] :=
-BxCot [e+f*x] * (a+b*CSC [e+f*x] ) "m/(f* (m+1) ) +

1/ (m+1) *Int[Csc[e+fxx]* (a+bxCsc[e+Ffxx] )~ (m-1) +Simp [bxBxm+axAx (m+1) + (axBxm+Axbx (m+1) ) xCsc[e+Ffxx],x],x] /;
FreeQ[{a,b,A,B,e,f},x] && NeQ[Axb-axB,0] && NeQ[a"2-b"2,0] && GtQ[m,0]

2: |Sec[e+fx] (a+bSec[e+1=x])"l (A+BSec[e+fx])dx whenAb-aB#@ A a>-b’#0 A m< -1

Reference: G&R 2.551.1

Derivation: Nondegenerate secant recurrence lawithC -0, n->0, p—> 0

Rule:If Ab-aB 0 A a2-b%2+0 A m< -1,then

JSec[e+fx] (a+bsec[e+fx])" (A+BSec[e+fx])dx —



Rules for integrands of the form (a+b sec(e+f x)~"m (d sec(e+f x))~n (A+B sec[e+f x])

(Ab-aB) Tan[e + f x| (a+bSec[e+1:x])m+1

+ sec[e+fx] (a+bSec[e+Fx])™ ((aA-bB) (m+1) - (Ab-aB) (m+2) Sec[e+fx]) dx
f(m+1) (az_bz) (m+1) (aZ_bZ)J [ ]( [ ]) ( [ ])

Program code:

Int[cscle_.+f_.#x_](a_+b_.xcsc[e_.+f_.xx_]) m_« (A_+B_.xcsc[e_.+f_.»x_]),x_Symbol] :=

- (Axb-axB) xCot [e+-F*x] * (a+b*Csc [e+'F*X] ) A (m+1) /(f* (m+1) * (a”2-b"2) ) +

1/ ((m+1) % (a*2-b”2) ) xInt [Csc [e+'F*x] * (a+b*Csc [e+'F*x] ) A (m+1) *Simp[ (axA-bxB) x (m+1) - (Axb-axB) x (m+2) xCsc [e+'F*x] ,x] ,x] /3
FreeQ[{a,b,A,B,e,f},x] && NeQ[Axb-axB,0] && NeQ[a"2-b"2,0] && LtQ[m,-1]

dx when Ab-aB#0 A a2-b%2#0

s JSec[e+fx] (A+Bsec[e+fx])

\/a+bSec[e+fx]

dx when a2 -b?#0 A A2-B%2:=:-0

N JSec[e+fx] (A+Bsec[e+fx])

\/a+bSec[e+fx]

Derivation: Piecewise constant extraction and integration by substitution

Basis: Oy ( 5 \/ o \/_ . =0

Tan[e+f X] a+b a-b

Basis:Sec[e + fx] Tan[e + fx] F[Sec[e +fXx]] == %Subst[F[x}, X, Sec[e+fx]] OxSec[e + fX]

Rule: If a2 - b% 0, then

Sec[e+fx] Tan[e + f x] \/— bE_ _ Abseclefx]

vJ‘Sec[e+1:x] (A+BSec[e+fx])dlx_) Ab-aB \/b(l—Sec[e+fx]) \/_b(1+Sec[e+fx]) J aA-bB aA-bB .

bT f a+b a-b
\/a+bSec[e+fx] an[e+ x] * \/a+bSec[e+fx] \/a:iB_Abze:fte’;fx]

_ bB _ Abx
Ab-aB \/b(l—Sec[en‘x]) \/ b(1+Sec[e+'Fx]) aA-bB  aA-bB

— Subst[ dx, X, Sec[e+-Fx]]
b-FTan[e+-Fx] a+b a-b

‘/a+bx bB Abx

aA+bB  aA+bB



Rules for integrands of the form (a+b sec(e+f x)~"m (d sec(e+f x))~n (A+B sec[e+f x])

2 (Ab-aB a+ 2B b (1-Sec[e+fx]) _b (1+Secfe+fx])
( )\/ * A ash a-b \/a+b5ec[e+fx] aA+bB

— o7 £ Tan [e T X] EllipticE [Arcsin[ ] S B]

b8
A

a+

Program code:

Int[csc[e_.+f_.#x_]*(A_+B_.+csc[e_.+f_.xx_])/Sart[a_+b_.xcsc[e_.+f_.»x_]],x_Symbol] :=
2% (Axb-axB) xRt [a+b+B/A,2] +Sqrt [bx (1-Csc[e+fxx]) /(a+b) | #Sqrt[-b (1+Csc[e+fxx]) /(a-b) | / (b 2xf+Cot [e+fxx]) »
E1lipticE [ArcSin[Sqrt[a+bxCsc[e+fxx] ]/Rt [a+bxB/A,2]], (axA+bxB) / (axA-b*B) | /;
FreeQ[{a,b,e,f,A,B},x] && NeQ[a"2-b"2,0] 8&& EqQ[A"2-B"2,0]

dx when a2-b2#0 A A2-B2#0

). JSec[e+fX] (A+Bsec[e+fx])

\/a+bSec[e+fx]

Derivation: Algebraic expansion
Basis:A+Bz==A-B+B (1+2)
Rule: If a2 - b%? + @ A A> - B2 # 0, then
J\Sec[e+fx] (A+Bsec[e+fx]) Sec[e + f x] 4 BJSec[ewa] (1+Sec[e+-Fx])dl
X +
]

dx — (A-B)
\/a+bSec[e+-Fx] \/a+b5ec[e+fx \/a+bSec[e+fx]

X

Program code:

Int[csc[e_.+f_.#x_]»(A_+B_.xcsc[e_.+f_.xx_])/Sqrt[a_+b_.xcsc[e_.+f_.*x_]],x_Symbol] :=
(A-B) »Int[Csc[e+fxx] /Sqrt[a+bsCsc[e+fxx]],x] +
BxInt[Csc[e+fsx] (1+Csc[e+fxx])/Sqrt[a+bsCsc[e+fxx]],x] /;

FreeQ[{a,b,e,f,A,B},x] && NeQ[a"2-b"2,0] && NeQ[A"2-B"2,0]



Rules for integrands of the form (a+b sec(e+f x)~"m (d sec(e+f x))~n (A+B sec[e+f x])

4: Sec[e+-Fx] (a+bSec[e+fx])'" (A+BSec[e+fx]) dx when Ab-aB#0 A a2-b2#0 A A2-B2==0 A 2m¢Z

Derivation: Integration by substitution

Rule:if Ab-aB+0@ A a?2-b2>+0 AA2-B2=20 A 2m ¢ Z,then

J\Sec[e+fx] (a+bsec[e+fx])" (A+BSec[e+fx])dx —

m _ A+B Sec[e+f x
2\/?A(a+bSec[e+-Fx]) (A BSec[e+-Fx]) —H L 5 A—BSec[e+-Fx] b(A—BSec[e+-Fx])
- . AppellFl[—, -—, -m, —, s ]
BfTan[e+fx] (A_(MML) 2 2 2 2A Ab+aB
aA+bB

Program code:

Int[csc[e_.+f_.#x_]*(a_+b_.xcsc[e_.+Ff_.#x_]) m_« (A_+B_.xcsc[e_.+f_.+x_]),x_Symbol] :=
2xSqrt[2] *Ax (a+b*Csc [e+f*x] )"m* (A—B*Csc [e+f*x] ) *Sqrt [ (A+B*C5c [e+f*x] )/A]/(B*'F*Cot [e+'F*x] * (A* (a+b*Csc [e+f*x] )/(a*A+b*B) )"m) *
AppellF1[1/2,-(1/2),-m,3/2, (A-BxCsc[e+fxx])/(2+A), (bx (A-BxCsc[e+fxx]))/(Axb+axB)] /;
FreeQ[{a,b,A,B,e,f},x] && NeQ[Axb-axB,0] && NeQ[a"2-b"2,0] && EqQ[A"2-B~2,0] & Not[IntegerQ[2m]]



Rules for integrands of the form (a+b sec(e+f x)~"m (d sec(e+f x))~n (A+B sec[e+f x])

S:Jgﬂ[e+fﬂ @+b5u[e+fﬂ)mM+B5u[e+fﬂ)dxwmmAb—aB¢eAaZ—N¢0

Derivation: Algebraic expansion

Ab-aB
b

Rule:If Ab-aB 0 A a?-b? £ 0,then

Basis:A + Bz == +%(a+bz)

Ab-aB

jSec[e+fx] (a+bsec[e+fx])" (A+BSec[e+fx]) dx — JSec[e+-Fx] (a+bSec[e+-Fx])"'d1x+EJSec[ewa] (a+bsec[e+fx])™ ax

Program code:

Int[csc[e_.+f_.#x_]*(a_+b_.xcsc[e_.+F_.#«x_]) m_«(A_+B_.xcsc[e_.+f_.#x_]),x_Symbol] :=
(Axb-axB) /bxInt[Csc[e+fxx]* (a+bxCsc[e+fxx])m,x| + B/b*Int[Csc[e+fxx]x(a+bxCsc[e+Fxx])(m+1),x] /;
FreeQ[{a,b,A,B,e,f,m},x] & NeQ[Axb-axB,0] && NeQ[a"2-b"2,0]
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Rules for integrands of the form (a+b sec(e+f x)~"m (d sec(e+f x))~n (A+B sec[e+f x])

3. JSec[e+fx]2 (a+bSec[e+fx])'" (A+BSec[e+fx]) dx when Ab-aB#0

1: Sec[e+-Fx]2 (a+bSec[e+-Fx])m (A+BSec[e+-Fx]) dx when Ab-aB#0 A a2-b%?==0 A m<—%

Derivation: 777
Rule:if Ab-aB+@ A a2-b2==0 A mc< —%,then

jSec[e+fx]2 (a+bsec[e+fx])" (A+BSec[e+fx])dx —

(Ab-aB) Tan[e+fx]| (a+bSec[e+fx])"
.

bf (2m+1)

Z;JSec[erFx] (a+bSec[e+-Fx])'"+1 (m(Ab-aB) +bB (2m+ 1) Sec[e + fx]) dx
b® (2m+1)

Program code:
Int[cscle_.+f_.#x_]"2#(a_+b_.xcsce_.+f_.xx_]) m_« (A_+B_.xcsc[e_.+f_.#x_]),x_Symbol] :=
- (Axb-axB) xCot [e+'F*x] * (a+b*Csc [e+'F*x] ) "m/(b*f* (2xm+1) ) +

1/(bAZ*(z*m+1))*Int[Csc[e+f*x]*(a+b*Csc[e+f*x])“(m+1)*Simp[A*b*m—a*B*m+b*B*(2*m+1)*Csc[e+f*x],x],x] /3
FreeQ[{a,b,e,f,A,B},x] && NeQ[Axb-axB,0] && EqQ[a"2-b"2,0] && LtQ[m,-1/2]

2: JSec[e+fx]2 (a+bSec[e+-Fx])"I (A+BSec[e+fx]) dx when Ab-aB#0 A a2-b?#0 A m< -1

Derivation: Nondegenerate secant recurrence lawithA - aA, B>Ab+aB, C-bB, m->0, p->9

Rule:Iff Ab-aB 0 A a2-b%2+0 A m< -1, then

J.Sec[e+-Fx]2 (a+bsec[e+fx])" (A+BsSec[e+fx])dx —

a(Ab-aB) Tan[e+fx]| (a+bsSec[e+fx])™

bf (m+1) (a%-b?)

11



Rules for integrands of the form (a+b sec(e+f x)~"m (d sec(e+f x))~n (A+B sec[e+f x])

1
b (m+1) (a%-b?)

Program code:

Int[cscle_.+f_.#x_]"2#(a_+b_.xcsce_.+f_.xx_]) m_« (A_+B_.xcsc[e_.+f_.#x_]),x_Symbol] :=
a* (Axb-axB) xCot [e+'F*x] * (a+b*Csc [e+f*x] ) A (m+1)/(b*f* (m+1) x (a*2-b"2) ) -
1/ (b* (m+1) x (a*2-b”2) ) xInt [CSC [e+f*x] * (a+b*CSC [e+f*x] ) A(m+l) *
Simp [b* (Axb-axB) * (m+1) - (a*Axbx (m+2) -B* (a”2+b”2% (m+1) ) ) xCsc [e+'F*X] ,X] ,X] /5
FreeQ[{a,b,e,f,A,B},x] && NeQ[Axb-axB,0] && NeQ[a"2-b"2,0] && LtQ[m,-1]

3: jSec[erFx]z (a+bSec[e+-Fx])"I (A+BSec[e+-Fx]) dx when Ab-aB#0 A m¢-1

Derivation: Nondegenerate secant recurrence 1lb withA - aA, B-Ab+aB, C->bB, m—>0, p->0

Rule:lf Ab-aB #0@ A m<« -1, then

JSec[e+fx]2 (a+bsec[e+fx])" (A+BSec[e+fx])dx —

BTan|[e + fx] (a+bSec[e+1‘x])m+1

bf (m+2) +b(m+2)

Program code:

Int[csc[e_.+f_.*x_]"2%(a_+b_.xcsc[e_.+f_.xx_] ) m_« (A_+B_.xcsc[e_.+f_.+x_]),x_Symbol] :=

-BxCot [e+'F*X] * (a+b*CSC [e+'F*X] ) 2 (m+1)/(b*f* (m+2) ) +

1/ (bx (m+2)) *Int [Csc [e+'F*X] * (a+b*Csc [e+f*x] )"m*Simp [b*B* (m+1) + (Axb*x (m+2) —axB) *Csc [e+f*x] ,x] ,x] /3
FreeQ[{a,b,e,f,A,B,m},x] & NeQ[Axb-aB,0] & Not[LtQ[m,-1]]

JSec[e+fx] (a+bSec[e+1“x])m+1 (b (Ab-aB) (m+1) - (aAb (m+2) -B (a’®+b* (m+1))) Sec[e + fx]) dx

jSeC[e+fX] (a+bsec[e+fx])" (bB (m+1) + (Ab (m+2) -aB) Sec[e+fx]) dx

12



Rules for integrands of the form (a+b sec(e+f x)~"m (d sec(e+f x))~n (A+B sec[e+f x])

4, j(a+b5ec[e+fx])'" (dsec[e+fx])" (A+BSec[e+fx])dx whenAb-aB#0 A a*-b*>==0
1. J(a+b$ec[e+fx])"' (dSec[e+1=x])n (A+B5ec[e+fx]) dx when Ab-aB#0 A a2-b?==0 Am+n+1==0
1: j(a+b5ec[e+fx])"‘ (dsec[e+fx])" (A+BSec[e+fx])dx whenAb-aB#0 A a’-b’=@ Am+n+1=0 A aAm-bBn=0

Rule:if Ab-aB+0@ A a?-b>==0  Am+n+1=0 A aAm-bBn = 0,then

ATan[e+fx] (a+bSec[e+fx])" (dSec[e+fx])"

J‘(a+bSec[e+-Fx])'" (dsec[e+fx])" (A+BSec[e+fx])dx — - -

Program code:

Int[(a_+b_.xcsc[e_.+f_.xx_]) m_x(d_.xcsc[e_.+f_.»x_])~n_»(A_+B_.xcsc[e_.+f_.»x_]),x_Symbol] :=

AxCot[e+fxx] » (a+bxCsc[e+fxx]) m« (dxCsc[e+Fxx]) An/(fxn) /;
FreeQ[{a,b,d,e,f,A,B,m,n},x| && NeQ[Axb-a+B,0] & EqQ[a~2-b"2,0] & EqQ[m+n+1,0] & EqQ[a*Axm-bxBxn,0]

13



Rules for integrands of the form (a+b sec(e+f x)~"m (d sec(e+f x))~n (A+B sec[e+f x])

2. J-(a+bSec[e+-Fx])m(dSec[e+-Fx])" (A+BSec[e+fx])dlx when Ab-aB#0 A a?-b?2==0 Am+n+1==0 A aAm-bBn#0

1: J(a+b5ec[e+fx])m(dSec[e+-Fx])" (A+BSec[e+-Fx])dlx when Ab-aB#0 A a2-b?>==0 Am+n+1:=0 A m<-1

Derivation: Singly degenerate secant recurrence 2b withm - -n-2, p > 0

Rule:if Ab-aB+#0@ A a?-b?>=0 Am+n+1=0 A m=< -1,then

J(a+b5ec[e+fx])m (dsec[e+fx])" (A+BSec[e+fx])dx —

(Ab-aB) Tan[e+fx] (a+bSec[e+fx])" (dSec[e+fx])" (aAm+bB (m+1))
N

bf (2m+1) a2 (2m+1)

Program code:

Int[(a_+b_.xcsc[e_.+f_.xx_]) m_x(d_.xcsc[e_.+f_.»x_])~n_»(A_+B_.xcsc[e_.+f_.»x_]),x_Symbol] :=
- (Axb-axB) xCot [e+'F*X] * (a+b*CSC [e+'F*X] ) Amx (d*CSC [e+'F*X] ) "n/(b*f* (2xm+1) ) +
(axAxm+bxBx (m+1) ) / (a”2% (2xm+1) ) xInt [ (a+b*Csc [e+'F*x] )" (m+1) % (d*Csc [e+f*x] )"n,x] /3
FreeQ[{a,b,d,e,f,A,B,n},x| & NeQ[Axb-axB,0] & EqQ[a"2-b"2,0] && EqQ[m+n+1,0] && LeQ[m,-1]

j(a+b5ec[e+fx])'"+1 (dsec[e+fx])"dx

14



Rules for integrands of the form (a+b sec(e+f x)~"m (d sec(e+f x))~n (A+B sec[e+f x])

2: J-(a+bSec[e+fx])m(dSec[e+-Fx])" (A+BSec[e+-Fx])d1x when Ab-aB#0 A a2-b?==0 Am+n+1==0 Am¢-1

Derivation: Singly degenerate secant recurrence 1c withm - -n-2, p—> @

Rule:If Ab-aB+@ A a?-b%2=0 Am+n+1==0 A m¢-1,then
j(a+b5ec[e+fx])"'(dSec[e+-Fx])"(A+BSec[e+-Fx])d1x—>

ATonferx] (avbsecler £x])" (dseclor f)"  (AM-OB) (e ]} (asec]er o))" an
fn bdn

Program code:

Int[(a_+b_.xcsc[e_.+f_.xx_]) m_x(d_.xcsc[e_.+f_.»x_])"n_»(A_+B_.xcsc[e_.+f_.»x_]),x_Symbol] :=
AxCot[e+fxx]» (a+bxCsc[e+fxx]) m« (dxCsc[e+Fxx]) "n/(f*n) =

(axAxm-bxBxn) / (bxdxn) *Int [ (a+b*Csc [e+f*x] ) Amx (d*Csc [e+f*x] )" (n+1) ,x] 78
FreeQ[{a,b,d,e,f,A,B,m,n},x| && NeQ[Axb-a+B,0] & EqQ[a~2-b"2,0] && EqQ[m+n+1,0] & Not[LeQ[m,-1]]

2. J‘(a+bSec[e+-Fx])m (dSec[e+-Fx])" (A+BSec[e+fx])dx whenAb-aB#@ A a’-b’==0 A mz%

1. J\/a+b5ec[e+fx] (dsec[e+fx])" (A+BSec[e+fx])dx when Ab-aB#@ A a>-b?==0

1: J\/a+b5ec[e+fx] (dsec[e+fx])" (A+BSec[e+fx])dx whenAb-aB#8 A a-b’==0 A Ab (2n+1) +2aBn=10

Derivation: Singly degenerate secant recurrence la withB — - %?{—fﬂ’;% m - %, p-0

Derivation: Singly degenerate secant recurrence 1b with B — - %ﬁl, m-2,p->0

Rule:lf Ab-aB+0 A a?-b2>=0 AAb (2n+1) +2aBn =9,then



Rules for integrands of the form (a+b sec(e+f x)~"m (d sec(e+f x))~n (A+B sec[e+f x])

2bBTan[e+fx]| (dSec[e+fx])"

J\\/a+b5ec[e+fx] (dsec[e+fx])" (A+BSec[e+fx])dx —

-F(2n+1)\/a+bSec[e+fx]

Program code:

Int[Sqrt[a_+b_.xcsc[e_.+f_.xx_]]*(d_.xcsc[e_.+f_.»x_]) n_« (A_+B_.xcsc[e_.+f_.xx_]),x_Symbol] :=
-2xbxBxCot [e+f*x] * (d*Csc [e+f*x] ) "n/(f* (2xn+1) *Sqrt [a+b*Csc [e+'F*x] ] ) /3
FreeQ[{a,b,d,e,f,A,B,n},x| & NeQ[Axb-axB,0] & EqQ[a"2-b"2,0] && EqQ[Axbx (2xn+1) +2xa*B«n,0]

2. J\/a+b5ec[e+fx] (dsec[e+fx])" (A+BSec[e+fx])dx whenAb-aB#8 A a*>-b*>==0 A Ab (2n+1) +2aBn#0

1: J\/a+b5ec[e+fx] (dsec[e+fx])" (A+BSec[e+fx])dx whenAb-aB#8 A a-b’>==0 A Ab (2n+1) +2aBn#@ A n<@

Derivation: Singly degenerate secant recurrence 1a withm - %, p—0

Rule:if Ab-aB+0 A a?-b2=0 AAb (2n+1) +2aBn+0 A n<0,then

J\\/a+b5ec[e+fx] (dsec[e+fx])" (A+BsSec[e+fx])dx —

Ab’>Tan[e+fx] (dSec[e+fx])" (Ab(2n+1) +2aBn)
) ' 2adn

J\/a+b5ec[e+fx] (dSec[e+-Fx])"+1d1x

afn\/a+bSec[e+-Fx]

Program code:

Int[Sqrt[a_+b_.xcsce_.+f_.#x_]]|*(d_.xcsc[e_.+f_.xx_])"n_»(A_+B_.xcsc[e_.+f_.»x_]),x_Symbol] :=
Axb~2xCot [e+fxx]+ (dxCsc[e+fxx])~n/(axfxnxSqrt[a+bxCsc[e+fsx]]) +
(Axbx (2%n+1) +2xa*xBxn) / (2xa*d*n) *Int [Sqr‘t [a+b*Csc [e+-F*x] ] * (d*CSC [e+f*x] ) A (n+1) ,X] /5
FreeQ[{a,b,d,e,f,A,B},x] & NeQ[Axb-axB,0] && EqQ[a"2-b"2,0] && NeQ[Axbx (2xn+1) +2+axBxn,0] & LtQ[n,0]
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Rules for integrands of the form (a+b sec(e+f x)~"m (d sec(e+f x))~n (A+B sec[e+f x])

2: j\/a+b5ec[e+fx] (dsec[e+fx])" (A+BSec[e+fx])dx whenAb-aB#0 A a*>-b*>==0 A Ab (2n+1) +2aBn#@ A n¢@

Derivation: Singly degenerate secant recurrence 1b withm - %, p—0

Rule:lf Ab-aB+0 A a?-b2=0 AAb (2n+1) +2aBn+0 A n ¢« 0,then

JJa+bSec[e+fX] (dsec[e+fx])" (A+BsSec[e+fx])dx —

2bBTan[e+fx]| (dSec[e+fx])" Ab(2n+1)+2aBn
+

J\/a+bSec[e+fX] (dsec[e+fx])"dx

-F(2n+1)'\/a+bSec[e+fx] b(2n+1)

Program code:

Int[Sqrt[a_+b_.xcsc[e_.+f_.#x_]]|*(d_.xcsc[e_.+f_.xx_])"n_»(A_+B_.xcsc[e_.+f_.»x_]),x_Symbol] :=

-2xbxBxCot [e+f*x] * (d*Csc [e+f*x] ) "n/(f* (2%xn+1) *Sqrt [a+b*Csc [e+'F*x] ]) +

(A*bx (2%n+1) +2xa*Bxn) / (bx (2+n+1) ) *Int [Sqrt[a+bxCsc[e+fxx] ]+ (d+Csc[e+fxx]) n,x] /;
FreeQ[{a,b,d,e,f,A,B,n},x] && NeQ[Axb-a+B,0] && EqQ[a"2-b"2,0] & NeQ[Axbx (2+n+1)+2+a*Bxn,0] && Not[LtQ[n,0]]

17



Rules for integrands of the form (a+b sec(e+f x)~"m (d sec(e+f x))~n (A+B sec[e+f x])

2. J.(a+bSec[e+-Fx])rn (dSec[e+-Fx])" (A+BSec[e+fx]) dx when Ab-aB#0 A a2-b%=0 A m>§

1: J(a+b$ec[e+fx])"‘(dSec[e+fx])" (A+BSec[e+fx])dlx when Ab-aB#0 A az—b2==0Am>% An<-1

Derivation: Singly degenerate secant recurrence 1a withp - 0
Rule:if Ab-aB+@ A a2-b%2=20 Am> % A n < -1,then

J-(a+bSec[e+-Fx])"' (dsec[e+fx])" (A+BsSec[e+fx])dx —

aATan[e+fx| (a+bSec[e+1=x])""1 (dsec[e+fx])"
fn

p J‘(a+bSec[e+-Fx])""1 (dSec[e+-Fx])"+1 (aA(m-n-1) -bBn- (aBn+Ab (m+n)) Sec[e +fx]) dx
adn

Program code:

Int[(a_+b_.xcsc[e_.+f_.xx_]) m_x(d_.xcsc[e_.+f_.»x_])"n_»(A_+B_.xcsc[e_.+f_.»x_]),x_Symbol] :=

axAxCot [e+fxx]« (a+bxCsc[e+Ffxx] )~ (m-1) « (dxCsc[e+Fxx]) A/ (fxn) -

b/ (axdxn) xInt [ (a+b*Csc [e+f*x] ) A(m-1) » (d*Csc [e+'F*x] ) A(n+1) *Simp [a*A* (m-n-1) -bxBxn- (axBxn+Axb* (m+n) ) *Csc [e+'F*x] ,x] ,x] /8
FreeQ[{a,b,d,e,f,A,B},x] & NeQ[Axb-a+B,0] && EqQ[a"2-b"2,0] && GtQ[m,1/2] && LtQ[n,-1]

2: J(a+b5ec[e+fx])"‘(dSec[e+-Fx])" (A+BSec[e+-Fx])dlx when Ab-aB#0 A a2—b2==0Am>% Ang¢-1

Derivation: Singly degenerate secant recurrence 1b withp — @
Rule:if Ab-aB+@ A a2-b%>==0 Am> % A n ¢ -1,then

J(a+b5ec[e+fx])"‘ (dsec[e+fx])" (A+BsSec[e+fx])dx —

bBTan[e+-Fx] (a+bSec[e+1=x])""1 (dSec[e+-Fx])n

+

f (m+n)

18



Rules for integrands of the form (a+b sec(e+f x)~"m (d sec(e+f x))~n (A+B sec[e+f x])

1
d (m+n)

J‘(a+b5ec[e+1:x])"":l (dsec[e+fx])" (aAd (m+n) +B (bdn) + (Abd (m+n) +aBd (2m+n-1)) Sec[e+fx]) dx

Program code:

Int[(a_+b_.xcsc[e_.+f_.xx_]) m_x(d_.xcsc[e_.+f_.»x_])"n_»(A_+B_.xcsc[e_.+f_.»x_]),x_Symbol] :=

-bxBxCot[e+fxx] x (a+bxCsc[e+fxx])(m-1) x (dxCsc[e+fxx]) n/(fx (men)) +

1/ (d* (m+n) ) *Int [ (a+b*Csc [e+'F*X] ) A(m-1) » (d*Csc [e+'F*X] )"n*Simp[a*A*d* (m+n) +B* (bxd*n) + (Axbxd* (m+n) +a*Bxdx (2xm+n-1) ) xCsc [e+'F*X] ,X] ,X] /3
FreeQ[{a,b,d,e,f,A,B,n},x| & NeQ[Axb-aB,0] & EqQ[a"2-b"2,0] && GtQ[m,1/2] & Not[LtQ[n,-1]]

3. J\(a+bSec[e+1°x])m (dsec[e+fx])" (A+BSec[e+fx])dx whenAb-aB#8 A a’-b>=0 A m<—%

1: j(a+b5ec[e+fx])'" (dSec[e+-Fx])" (A+BSec[e+fx]) dx when Ab-aB#0 A a2-b%=0 A m<—% An>0

Derivation: Singly degenerate secant recurrence 2a withp — @
Rule:if Ab-aB+0 A a2-b2==0 A m<—% A n > 0, then

J(a+b5ec[e+fx])m (dsec[e+fx])" (A+BSec[e+fx])dx —

d (Ab-aB) Tan[e+fx] (a+bSec[e+fx])" (dSec[e+fx])""

af (2m+1)
1

———————JXa+bSu[e+fx”md(dSu{e+fﬂ)m1M(ad(n—n)—B(bd(n—h)—d(aB(m—n+1)+Ab(m+M)Sa[e+fﬂ)dx
ab (2m+1)

Program code:

Int[(a_+b_.xcsc[e_.+f_.xx_]) m_x(d_.xcsc[e_.+f_.xx_])"n_»(A_+B_.xcsc[e_.+f_.»x_]),x_Symbol] :=
dx (Axb-axB) xCot [e+'F*x] * (a+b*Csc [e+'F*x] ) Amx (d*Csc [e+'F*x] )" (n—1)/(a*-F* (2xm+1) ) -
1/ (axbx (2#m+1) ) xInt [ (a+bxCsc[e+fxx] )~ (m+1) x (dxCsc[e+fxx])~(n-1) »
Simp [A* (axd* (n-1) ) -Bx (bxd* (n-1) ) -d% (a*xB* (m-n+1) +Axb* (m+n) ) xCsc [e+'F*X] ,X] ,X] /3
FreeQ[{a,b,d,e,f,A,B},x] & NeQ[Axb-axB,0] & EqQ[a"2-b"2,0] && LtQ[m,-1/2] & GtQ[n,0]
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Rules for integrands of the form (a+b sec(e+f x)~"m (d sec(e+f x))~n (A+B sec[e+f x])

2: J(a+b5ec[e+-Fx])rn (dSec[e+-Fx])" (A+BSec[e+fx]) dx when Ab-aB#0 A a2-b%?==0 A m<—§ ANn3o

Derivation: Singly degenerate secant recurrence 2b withp — @
Rule:if Ab-aB+0 A a2-b%2=-0 A m<—% A N # 0,then

J\(a+b5ec[e+1°x])m (dsec[e+fx])" (A+BSec[e+fx])dx —

(Ab-aB) Tan[e+fx] (a+bSec[e+fx])" (dSec[e+fx])"

bf (2m+1)
1

a2 (2m+1)

Program code:

Int[(a_+b_.xcsc[e_.+f_.xx_]) m_x(d_.xcsc[e_.+f_.»x_])"n_»(A_+B_.xcsc[e_.+f_.»x_]),x_Symbol] :=
- (Axb-axB) xCot [e+'F*X] * (a+b*CSC [e+'F*X] ) Am (d*CSC [e+'F*X] ) "n/(b*f* (2xm+1) ) -
1/ (a”2% (2xm+1) ) *Int [ (a+b*Csc [e+f*x] ) A(m+1) * (d*Csc [e+f*x] ) Anx
Simp[b*B*n—a*A*(z*m+n+1)+(A*b—a*B)*(m+n+1)*Csc[e+f*x],x],x] /5
FreeQ[{a,b,d,e,f,A,B,n},x] & NeQ[Axb-axB,0] & EqQ[a"2-b"2,0] && LtQ[m,-1/2] & Not[GtQ[n,0]]

j(a+b5ec[e+fx])'"+1 (dsec[e+fx])" (bBn-aA (2m+n+1) + (Ab-aB) (m+n+1) Sec[e+fx])dx

20



Rules for integrands of the form (a+b sec(e+f x)~"m (d sec(e+f x))~n (A+B sec[e+f x])

4: J(a+bSec[e+fX])"‘ (dSec[e+fx])" (A+BSec[e+fx]) dx when Ab-aB#0 A a2-b%=0 An>1

Derivation: Singly degenerate secant recurrence 2c withp — 0
Rule:if Ab-aB+0 A a2-b%2=0 A n>1,then

J\(a+b5ec[e+1°x])m (dsec[e+fx])" (A+BSec[e+fx])dx —

BdTan[e+fx] (a+bSec[e+fx])" (dsec[e+fx])""

+

f (m+n)
d

b (m+n)

J(a+b5ec[e+fx])'" (dSec[e+-Fx])"'1 (bB(n-1) + (Ab (m+n) +aBm) Sec[e+fx]) dx

Program code:

Int[(a_+b_.xcsc[e_.+f_.xx_]) m_x(d_.xcsc[e_.+f_.xx_])"n_»(A_+B_.xcsc[e_.+f_.»x_]),x_Symbol] :=

-BxdxCot [e+f*x] * (a+b*Csc [e+f*x] ) m* (d*CSC [e+-F*x] ) ~(n-1) / (f* (m+n) ) +

d/ (bx (m+n) ) xInt[ (a+bxCsc[e+fxx])mx (d«Csc[e+fxx])~ (n-1) xSimp [b#Bx (n-1) + (Axbx (m+n) +axBxm) xCsc[e+fxx],x],x] /;
FreeQ[{a,b,d,e,f,A,B,m},x| & NeQ[Axb-aB,0] & EqQ[a"2-b"2,0] && GtQ[n,1]
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Rules for integrands of the form (a+b sec(e+f x)~"m (d sec(e+f x))~n (A+B sec[e+f x])

5: J(a+bSec[e+fX])"‘ (dSec[e+fx])" (A+BSec[e+fx]) dx when Ab-aB#0 A a2-b%==0 A n<o

Derivation: Singly degenerate secant recurrence 1c withp - ©
Rule:If Ab-aB +0 A a2-b%2=0 A n< 0,then

J\(a+b5ec[e+1°x])m (dsec[e+fx])" (A+BSec[e+fx])dx —

_ATan[e+fx] (a+bsec[e+fx])" (dsec[e+fx])" i

fn
1

bdn

j(a+b5ec[e+fx])"' (dSec[e+-Fx])"+1 (aAm-bBn-Ab (m+n+1) Sec[e+fx])dx

Program code:

Int[(a_+b_.xcsc[e_.+f_.xx_]) m_x(d_.xcsc[e_.+f_.»x_])"n_»(A_+B_.xcsc[e_.+f_.»x_]),x_Symbol] :=
AxCot[e+fxx] » (a+bxCsc[e+fxx]) ms (dxCsc[e+fxx]) n/(fxn) -
1/ (bxdxn) +Int[ (a+bxCsc[e+fxx]) mx (dxCsc[e+Fxx] )~ (n+1) xSimp [axAxm-bxBxn-Axbx (m+n+1) xCsc[e+Ffxx],x],x] /;
FreeQ[{a,b,d,e,f,A,B,m},x| & NeQ[Axb-axB,0] & EqQ[a"2-b"2,0] && LtQ[n,0]

22



Rules for integrands of the form (a+b sec(e+f x)~"m (d sec(e+f x))~n (A+B sec[e+f x]) 23

6: J(a+bSec[e+fx])'" (dsec[e+fx])" (A+BSec[e+fx])dx when Ab-aB#@ A a’-b?==0

Derivation: Algebraic expansion

Ba|5|:A+ Bz -- AbBaB + B (aBbZ)

Rule:If Ab-aB + 0 A a?-b? == 9, then

J(a+b$ec[e+fx])'" (dsec[e+fx])" (A+BSec[e+fx])dx —

Ab-aB
b

j(a+bSec[e+fx])'" (dSec[e+-Fx])"dlx+EJ‘(a+bSec[e+1:x])'""1 (dsec[e+fx])"dx

Program code:
Int[(a_+b_.xcsc[e_.+f_.xx_]) m_x(d_.xcsc[e_.+f_.»x_])"n_»(A_+B_.xcsc[e_.+f_.»x_]),x_Symbol] :=
(Axb-axB) /bxInt[ (a+bxCsc[e+fxx]) mx (dxCsc[e+fxx]) n,x] +

B/bxInt[ (a+bxCsc[e+fxx])~ (m+1) x (dxCsc[e+fxx]) n,x] /;
FreeQ[{a,b,d,e,f,A,B,m},x| & NeQ[Axb-axB,0] & EqQ[a"2-b"2,0]

5. j(a+b$ec[e+fx])m (dsec[e+fx])" (A+BSec[e+fx])dx when Ab-aB#@8 A a>-b’#0
1. j(a+b$ec[e+fx])m (dsec[e+fx])" (A+BSec[e+fx])dx whenAb-aB#8 A a’-b>#0 Am>1
1. J.(a+bSec[e+-Fx])rn (dSec[e+-Fx])" (A+BSec[e+fx])dlx when Ab-aB#0 A a2-b?>#0 Am>1 Ans-1

1: J(a+b$ec[e+fx])2 (dsec[e+fx])" (A+BSec[e+fx])dx whenAb-aB#8 A a’-b>#0 A ns-1

Derivation: Nondegenerate secant recurrence la withA - aA, B-Ab+aB, C->bB, m>m-1, p—> 0

Rule:if Ab-aB+0 A a?2-b2+0 A n=<-1,then

J(a+b$ec[e+fx])2 (dsec[e+fx])" (A+BSec[e+fx])dx —



Rules for integrands of the form (a+b sec(e+f x)~"m (d sec(e+f x))~n (A+B sec[e+f x]) 24

aZASin[e+-Fx] (dSec[e+-Fx])"+1
- dfn '

di (dSec[e+1:x])"+1 (a(2Ab+aB)yn+ (2abBn+A (b*>n+a’ (n+1))) Sec[e + fx] +sznSec[e+-Fx]2) dx
n

Program code:

Int[(a_+b_.xcsc[e_.+f_.xx_])"2#(d_.«csc[e_.+f_.*x_])"n_«(A_+B_.xcsc[e_.+f_.+x_]),x_Symbol] :=
aAz*A*Cos[e+f*x]*(d*Csc[e+f*x])A(n+1)/(d*f*n) +
1/(d*n)*Int[(d*Csc[e+f*x])A(n+1)*(a*(2*A*b+a*B)*n+(2*a*b*B*n+A*(bAz*n+aA2*(n+1)))*Csc[e+f*x]+bA2*B*n*Csc[e+F*x]A2),x] /5

FreeQ[{a,b,d,e,f,A,B},x] & NeQ[Axb-axB,0] && NeQ[a"2-b"2,0] && LeQ[n,-1]

2: j(a+b5ec[e+fx])m(dSec[e+-Fx])" (A+BSec[e+-Fx])dlx when Ab-aB#0 A a2-b>#0 Am>1 A ns-1

Derivation: Nondegenerate secant recurrence la withA - aA, B-Ab+aB, C-bB, m>m-1, p—> 0

Rule:lf Ab-aB+0@ A a?-b2+#0 Am>1 A n=<-1,then

J‘(a+b5ec[e+-Fx])m (dsec[e+fx])" (A+BsSec[e+fx])dx —

aATan[e+-Fx] (a+bSec[e+-Fx])""1 (dSec[e+-Fx])
- fn

dinj(a+b5ec[e+fx])""2 (dsec[e+£x])™".

n
+

(a(@aBn-Ab(m-n-1)) + (2abBn+A (b>n+a’ (1+n))) Sec[e+fx] +b(an+aA(m+n))Sec[e+fx]2) dx

Program code:

Int[(a_+b_.xcsc[e_.+f_.»x_]) m_»(d_.xcsc[e_.+f_.»x_]) n_« (A_+B_.xcsc[e_.+f_.»x_]),x_Symbol] :=
axAxCot [e+f*x] * (a+b*Csc [e+f*x] )" (m-1) % (d*Csc [e+f*x] ) "n/(f*n) +
1/ (dn) +Int[ (a+bxCsc[e+fxx]) " (m-2) x (dxCsc[e+fxx]) " (n+1) »
Simp [a* (axBxn-Axbx (m-n-1) ) + (2xaxbxBxn+Ax (b 2xn+a”2% (1+n)) ) xCsc [e+'F*X] +b* (bxBxn+axAx (m+n) ) *Csc [e+'F*X] "2,x] ,X] /5
FreeQ[{a,b,d,e,f,A,B},x] & NeQ[Axb-axB,0] && NeQ[a"2-b"2,0] && GtQ[m,1] & LeQ[n,-1]
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2: J-(a+bSec[e+-Fx])m(dSec[e+-Fx])" (A+BSec[e+fx])dlx when Ab-aB#0 A a2-b?>#0 Am>1 An¢t-1

Derivation: Nondegenerate secant recurrence 1lb withA - aA, B-Ab+aB, C>bB, m->m-1, p—> 0

Rule:Iif Ab-aB @ A a?-b%2+#@ Am>1 A n¢-1,then

J-(a+b5ec[e+fx])m (dsec[e+fx])" (A+BsSec[e+fx])dx —

bBTan[e+-Fx] (a+bSec[e+1=x])""1 (dSec[e+-Fx])n

+

f (m+n)
j(a+b$ec[e+fx])""2 (dsec[e+Fx])"-

m+n
(a*A(m+n) +abBn+ (a (2Ab+aB) m+n)+NB(m+n-n)5eQe+fx]+b(Ab(m+n)+aB(2m+n-n)Sech+fxr)dx

Program code:
Int[(a_+b_.xcsc[e_.+f_.»x_]) m_»(d_.xcsc[e_.+f_.»x_])~n_« (A_+B_.xcsc[e_.+f_.»x_]),x_Symbol] :=
-bxBxCot [e+'F*x] * (a+b*Csc [e+f*x] ) A(m-1) % (d*Csc [e+‘F*x] )"n/ ('F* (m+n) ) +
1/ (m+n) *Int [ (a+b*Csc [e+f*x] )" (m-2) % (d*CSC [e+f*x] ) nx

Simp [a"Z*A* (m+n) +axb*xBxn+ (ax (2xAxb+axB) * (m+n) +b*2xBx (m+n-1) ) *Csc [e+-F*x] +b* (Axbx (m+n) +axBx (2+m+n-1) ) *Csc [e+-F*x] "Z,X] ,X] /5
FreeQ[{a,b,d,e,f,A,B,n},x| & NeQ[A«b-aB,0] & NeQ[a"2-b"2,0] && GtQ[m,1] & Not[IGtQ[n,1] && Not[IntegerQ[m]]]

2. j(a+b$ec[e+fx])"' (dSec[e+1=x])n (A+BSec[e+-Fx]) dx when Ab-aB#0 A a2-b%>#0 A m<-1
1. J‘(a+b5ec[e+1:x])"1 (dSec[e+fx])" (A+Bsec[e+fx])dx whenAb-aB#@ A a*>-b>#0 Am<-1AnN>0

1: j(a+b$ec[e+fx])"'(dSec[e+-Fx])" (A+BSec[e+-Fx])dlx when Ab-aB#0 A a2-b2#0 Am<-1A0<n<1

Derivation: Nondegenerate secant recurrence lawithC -0, p > 0

Rule:If Ab-aB @ A a?-b2+#@ Am<-1 A 0O<n<1,then



Rules for integrands of the form (a+b sec(e+f x)~"m (d sec(e+f x))~n (A+B sec[e+f x])

j(a+b$ec[e+fx])"' (dsec[e+fx])" (A+BsSec[e+fx])dx —

d (Ab-aB) Tan[e + x| (a+bSec[e+-Fx])"1+1 (dSec[e+-Fx])"'1

+

f (m+1) (a%-b?)

L m+1 n-1
m](a+b5ec[e+fx]) (dsec[e+fx])"™-

(d(n-1) (Ab-aB) +d (aA-bB) (m+1) Sec[e+fx] -d (Ab-aB) (m+n+1) Sec[e+fx]2) dx

Program code:

Int[(a_+b_.xcsc[e_.+f_.»x_]) m_»(d_.xcsc[e_.+f_.»x_]) n_«(A_+B_.xcsc[e_.+f_.»x_]),x_Symbol] :=
-dx (Axb-axB) xCot [e+'F*x] * (a+b*Csc [e+'F*x] )" (m+1) % (d*Csc [e+f*x] ) A (n—1)/(-F* (m+1) = (a*2-b"2) ) +
1/ ((m+1) » (a"2-b"2) ) xInt [ (a+b*Csc[e+Fxx] )~ (m+1) x (dxCsc[e+fxx])~ (n-1) »
Simp [d* (n-1) x (Axb-a%B) +dx (axA-b%B) * (m+1) xCsc [e+'F*X] -d* (Axb-a%B) * (m+n+1) *Csc [e+'F*X] "Z,X] ,X] /5
FreeQ[{a,b,d,e,f,A,B},x] & NeQ[Axb-axB,0] && NeQ[a"2-b"2,0] && LtQ[m,-1] & LtQ[0,n,1]
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Rules for integrands of the form (a+b sec(e+f x)~"m (d sec(e+f x))~n (A+B sec[e+f x])

2. J-(a+b5ec[e+fx])m(dSec[e+-Fx])" (A+BSec[e+-Fx])d1x when Ab-aB#0 A a2-b>#0 Am<-1An>1

1: jSec[e+fx]3 (a+bSec[e+fx])'" (A+BSec[e+fx]) dx when Ab-aB#0 A a2-b%?#0 A m< -1

Derivation: Nondegenerate secant recurrence la withA - aA, B-Ab+aB, C->bB, m>m-1, p—> 0

Rule:if Ab-aB+0 A a2-b2+0 A m< -1,then

JSec[e+-Fx]3 (a+bsec[e+fx])" (A+BSec[e+fx])dx —

a’ (Ab-aB) Tan[e + fx] (a+bSec[e+-Fx])"'+1

+

b f (m+1) (a-b?)
1

sec[e+fx] (a+bsecfe+fx])™.
b? (m+1) (a%-b?) J‘ [e+x] (a [e+#x])

(ab (Ab-aB) (m+1) - (Ab-aB) (a®>+b? (m+1)) Sec[e+fx] +bB (m+1) (a’-b?) Sec[e+-Fx]2) dx

Program code:
Int[csc[e_.+f_.*x_]"3%(a_+b_.xcsc[e_.+f_.xx_] ) m_« (A_+B_.xcsc[e_.+f_.+x_]),x_Symbol] :=
-a”2x (Axb-axB) xCot [e+fsx] x (a+bxCsc[e+fxx]) (m+1) /(b 24Fx (m+1) x (a2-b"2)) +
1/ (b”2% (m+1) » (a*2-b”2) ) xInt [Csc [e+'F*X] * (a+b*CSC [e+'F*X] ) A(m+l) *

Simp [a*b* (Axb-axB) * (m+1) - (Axb-axB) * (a*2+b”2x (m+1) ) *Csc [e+'F*x] +b*xBx* (m+1) x (a*2-b”2) xCsc [e+f*x] "2,x] ,x] /3
FreeQ[{a,b,e,f,A,B},x] && NeQ[Axb-axB,0] && NeQ[a"2-b"2,0] && LtQ[m,-1]

2: j(a+b5ec[e+fx])"' (dSec[e+-Fx])" (A+BSec[e+fx])dx whenAb-aB#8 A a>-b?>#@ Am<-1 An>1

Derivation: Nondegenerate secant recurrence lawithA - aA, B>Ab+aB, C>bB, m>m-1, p-> 0

Rule:if Ab-aB+#0@ A a?-b>+@ Am< -1 A n>1,then

J-(a+b5ec[e+-Fx])m (dsec[e+fx])" (A+BsSec[e+fx])dx —
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ad® (Ab-aB) Tan[e + f x] (a+bSec[e+-Fx])'"+1 (dSec[e+1:x])"'2

bf (m+1) (a% - b?)
d
b (m+1) (a®-b?)
(ad (Ab-aB) (n-2) +bd (Ab-aB) (m+1) Sec[e+fx] - (aAbd (m+n) -dB (a® (n-1) +b? (m+1)))Sec[e+-Fx]2) dx

J(a+b$ec[e+fx])"”1 (dsec[e+£x])"2-

Program code:

Int[(a_+b_.xcsc[e_.+f_.xx_]) m_x(d_.xcsc[e_.+f_.xx_])"n_»(A_+B_.xcsc[e_.+f_.»x_]),x_Symbol] :=
axd"2x (Axb-axB) xCot [e+fxx] » (a+bxCsc[e+fxx] )" (m+1) » (dxCsc[e+Ffxx]) " (n-2) / (bsfx (m+l) x (a"2-b"2)) -
d/ (b* (m+1) * (a~2-b~2) ) xInt [ (a+bxCsc[e+Ffxx])~ (m+1) » (dxCsc[e+fxx] )~ (n-2) *
Simp [a*d* (Axb-axB) x (n-2) +bxd* (Axb-axB) » (m+1) xCsc [e+'F*X] - (axAxbxd* (m+n) -d*Bx (a”2% (n-1) +b”*2x (m+1) ) ) *Csc [e+'F*X] "Z,X] ,X] /3
FreeQ[{a,b,d,e,f,A,B},x] & NeQ[Axb-aB,0] && NeQ[a"2-b"2,0] && LtQ[m,-1] & GtQ[n,1]
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Rules for integrands of the form (a+b sec(e+f x)~"m (d sec(e+f x))~n (A+B sec[e+f x])

2: J-(a+bSec[e+-Fx])rn (dSec[e+-Fx])" (A+BSec[e+fx]) dx when Ab-aB#0 A a2-b>#0 Am<-1An30

Derivation: Nondegenerate secant recurrence 1cwithC - 0, p - 0

Rule:Iif Ab-aB+@ A a?-b%>#@ Am< -1 A n 3 0,then

J-(a+b5ec[e+fx])m (dsec[e+fx])" (A+BsSec[e+fx])dx —

b (Ab-aB) Tan[e + f x| (a+bSec[e+-Fx])'"+1 (dsec[e+fx])"
- +

af (m+1) (a%-b?)

1

a(m+1) (az-bz) J(a+b5ec[e+fx])"”1 (dSec[e+fx])".

(A(f(m+1)-N(m+n+1))+aan-a(Ab-aB)(m+1)5a{e+fx]+b(Ab-aB)(m+n+2)5m{e+fxr)dx

Program code:

Int[(a_+b_.xcsc[e_.+f_.»x_]) m_x(d_.xcsc[e_.+f_.»x_])~n_«(A_+B_.xcsc[e_.+f_.»x_]),x_Symbol] :=
bx (Axb-axB) xCot [e+f*x] * (a+b*Csc [e+f*x] ) A(m+1) * (d*Csc [e+f*x] ) "n/(a*f* (m+1) % (a”~2-b"2) ) +
1/ (ax (m+1) » (a”2-b"2) ) *Int [ (a+bxCsc[e+fxx] )" (m+1) * (dxCsc[e+fxx]) "nx
Simp [A* (a”2% (m+1) -b*2% (m+n+1) ) +axbxBxn-a* (Axb-axB) * (m+1) *Csc [e+-F*x] +b* (Axb-axB) * (m+n+2) *Csc [e+-F*x] "2,X] ,X] /5
FreeQ[{a,b,d,e,f,A,B,n},x| & NeQ[Axb-axB,0] & NeQ[a"2-b"2,0] && LtQ[m,-1] && Not[ILtQ[m+1/2,0] & ILtQ[n,O]]

3. j(a+b$ec[e+fx])"' (dSec[e+1=x])n (A+BSec[e+-Fx]) dx when Ab-aB#0 A a®-b%>#0 A O<m<1

1: J‘(a+b5ec[e+1:x])"1 (dSec[e+fx])" (A+BSec[e+fx])dx whenAb-aB#@ A a*>-b>#0 A @<m<1 AN>0

Derivation: Nondegenerate secant recurrence 1b withA - Ac, B-Bc+Ad, C-Bd, n->n-1, p->0

Rule:if Ab-aB+@ A a2-b2+@ A@<m<1 A n->0,then

J(a+b5ec[e+1“x])m (dsec[e+fx])" (A+BSec[e+fx])dx —
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Rules for integrands of the form (a+b sec(e+f x)~"m (d sec(e+f x))~n (A+B sec[e+f x])

BdTan[e+-Fx] (a+bSec[e+-Fx])m (dSec[e+-Fx])"‘1

+

f (m+n)
J‘(a+b5ec[e+-Fx])'"'1 (dSec[e+-Fx])"'1-

m+n
(aB(n-1) + (bB (m+n-1) +aA (m+n)) Sec[e+Ffx]+ (aBm+Ab(m+n))Sec[e+-Fx]2) dx

Program code:
Int[(a_+b_.xcsc[e_.+f_.xx_]) m_x(d_.xcsc[e_.+f_.xx_])"n_»(A_+B_.xcsc[e_.+f_.»x_]),x_Symbol] :=
-BxdxCot [e+'F*x] * (a+b*Csc [e+'F*x] ) Amx (d*Csc [e+f*x] ) 2 (n—l)/('F* (m+n) ) +
d/ (men) «Int|[ (a+bxCsc[e+fxx] )~ (m-1) x (d«Csc[e+Ffxx])~(n-1) »

Simp[axBx (n-1) + (b*Bx (m+n-1) +axAx (m+n) ) xCsc [@+Fxx] + (a*xBxm+Axbx (m+n) ) xCsc[e+Fxx]|*2,x],x] /;
FreeQ[{a,b,d,e,f,A,B},x] & NeQ[Axb-axB,0] && NeQ[a"2-b"2,0] && LtQ[0,m,1] & GtQ[n,0]

2: J(a+b$ec[e+fx])"' (dSec[e+fx])" (A+BSec[e+fx])dx when Ab-aB#0 A a>-b’#0 A @<m<1 Ans-1

Derivation: Nondegenerate secant recurrence lawithC -0, p > @

Rule:lf Ab-aB+0@ A a?-b220 A@<m<1Anz=-1,then

J(a+b5ec[e+fx])'“ (dsec[e+fx])" (A+BSec[e+fx])dx —

ATan[e+fx] (a+bSec[e+-Fx])'" (dSec[e+-Fx])"
- - -

di (a+bSec[e+-Fx])'"'1 (dSec[e+fx])"+1~
n

(Abm-aBn- (bBn+aA (n+1)) Sec[e+fx| -Ab (m+n+1) Sec[e+fx]2) dx

Program code:

Int[(a_+b_.xcsc[e_.+f_.xx_]) m_x(d_.xcsc[e_.+f_.xx_])"n_»(A_+B_.xcsc[e_.+f_.»x_]),x_Symbol] :=
AxCot [e+-F*x] * (a+b*Csc [e+-F*x] ) mx (d*CSC [e+-F*x] ) "n/(f*n) -
1/ (dxn) »Int[ (a+bxCsc[e+fxx])~ (m-1) » (dxCsc[e+Ffxx])~ (n+1) «
Simp [Axbxm-axBxn- (bxBxn+axAx (n+1)) xCsc[e+fxx] -Axbx (m+n+1) xCsc[e+f*x]*2,x],x] /;
FreeQ[{a,b,d,e,f,A,B},x] & NeQ[Axb-axB,0] && NeQ[a"2-b"2,0] && LtQ[@,m,1] & LeQ[n,-1]
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Rules for integrands of the form (a+b sec(e+f x)~"m (d sec(e+f x))~n (A+B sec[e+f x])

4: J(a+bSec[e+fX])"‘ (dSec[e+fx])" (A+BSec[e+fx]) dx when Ab-aB#0 A a2-b>#0 An>1 Am+n#0

Derivation: Nondegenerate secant recurrence 1lb withA - aA, B-Ab+aB, C>bB, m->m-1, p—> 0

Rule:Iff Ab-aB+@ A a?-b>#@ An>1Am+n #0,then

J-(a+b5ec[e+fx])m (dsec[e+fx])" (A+BsSec[e+fx])dx —

deTan[e+fx] (a+bSec[e+-Fx])'"+1 (dSec[e+1=x])"'2
bf (m+n) ’

d2
b (m+n)

j(a+b5ec[e+fx])'" (dSec[e+1’x])"'2 (aB(n-2) +Bb (m+n-1) Sec[e+fx]+ (Ab (m+n) -aB (n-1)) Sec[e+-Fx]2) dx

Program code:

Int [ (a_+b_. *CSC [e_. +f_. *x_] ) Am_% (d_. *CSC [e_. +f_. *x_] ) n_x (A_+B_. *#CSC [e_. +f_. *x_] ) ,x_Symbol] =
-Bxd”2xCot [e+f*x] * (a+b*CSC [e+-F*x] ) A(m+l) * (d*CSC [e+f*x] ) n (n—2)/(b*f* (m+n) ) +
d~2/ (bx (m+n) ) »Int [ (a+bxCsc[e+fxx]) mx (dxCsc[e+Ffxx] )" (n-2)
Simp [a*B* (n-2) +Bxb* (m+n-1) xCsc [e+‘F*x] + (Axbx (m+n) —axBx (n-1) ) xCsc [e+‘F*x] "Z,x] ,x] Ve
FreeQ[{a,b,d,e,f,A,B,m},x| & NeQ[Axb-aB,0] & NeQ[a"2-b"2,0] && GtQ[n,1] & NeQ[m+n,0] && Not[IGtQ[m,1]]
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Rules for integrands of the form (a+b sec(e+f x)~"m (d sec(e+f x))~n (A+B sec[e+f x])

5: J(a+bSec[e+fx])'" (dSec[e+fx])" (A+BSec[e+fx]) dx when Ab-aB#0 A a2-b%>#0 A n<-1

Derivation: Nondegenerate secant recurrence 1cwithC - 0, p - 0

Rule:If Ab-aB 0 A a2-b2+0@ A n < -1,then

J-(a+b5ec[e+fx])m (dsec[e+fx])" (A+BsSec[e+fx])dx —

_ATan[e+fx] (a+bsec[e+fx])™" (dsec[e+fx])"

+
afn

1
TJ(a+bSec[e+fx])"' (dsec[e+fx])™ (aBn-Ab(m+n+1) +Aa (n+1) Sec[e+fx] +Ab (m+n+2) Sec[e+fx]?) dx
adn

Program code:

Int[(a_+b_.xcsc[e_.+f_.xx_]) m_x(d_.xcsc[e_.+f_.»x_])~n_»(A_+B_.xcsc[e_.+f_.»x_]),x_Symbol] :=
AxCot [e+'F*x] * (a+b*Csc [e+f*x] ) A(m+1) * (d*Csc [e+‘F*x] )"n/ (a*f*n) +
1/ (a*dxn) *Int [ (a+b*Csc [e+f*x] ) m* (d*Csc [e+'F*x] )" (n+1)
Simp [a*B*n—A*b* (m+n+1) +Axa* (n+1) *Csc [e++'*x] +Axb* (m+n+2) *Csc [e+f*x] "2,X] ,X] /5
FreeQ[{a,b,d,e,f,A,B,m},x| & NeQ[Axb-axB,0] && NeQ[a"2-b"2,0] && LeQ[n,-1]

A+BSec[e+-Fx]

dx when Ab-aB#0 A a2-b%#0

'\/dSec[e+-Fx] \/a+b5ec[e+fx]

Derivation: Algebraic expansion

Basis: A+B z __ Ava+bz  (Ab-aB)+dz

\Jdz +Ja+bz B avdz ad+a+bz
Rule:If Ab-aB +0 A a?-b? #0,then

32



Rules for integrands of the form (a+b sec(e+f x)~"m (d sec(e+f x))~n (A+B sec[e+f x])

A+BSec[e+fx] A \/a+bSec[e+fx] Ab-aB '\[dSec[e+-Fx]

dx — - dx - dx

\/dSec[e+fx] \/a+bSec[e+fx] a w/dSec[e+fx] ad \/a+bSec[e+fx]

Program code:

Int[(A_+B_.xcsc[e_.+f_.»x_])/(Sqrt[d_.+csc[e_.+f_.+«x_]]+Sqrt[a_+b_.xcsc[e_.+f_.xx_]]),x_Symbol] :=
A/axInt[Sqrt[a+bsCsc[e+fxx]]/Sqrt[d«Csc[e+fxx]],x] -
(A*b—a*B)/(a*d)*Int[Sqrt[d*Csc[e+-F*x]]/Sqrt[a+b*Csc[e+-F*x]],x] /3

FreeQ[{a,b,d,e,f,A,B},x] & NeQ[Axb-axB,0] && NeQ[a"2-b"2,0]

dx when Ab-aB#0 A a2-b%#0

.. J\/dSec[e+fx] (A+Bsec[e+fx])

\/a+bSec[e+-Fx]

Derivation: Algebraic expansion

Rule:If Ab-aB +# 0 A a%-b? # 0, then

J\/dSec[en‘:x] (A+Bsec[e+fx]) y/ dsec[e + fx] (dsec[e+fx])*?

dx — A dx
\/a+bSec[e+-Fx] \/a+bSec[e+-Fx] \/a+bSec[e+fx]

Program code:

Int[Sqrt[d_.xcsc[e_.+f_.#x_]]*(A_+B_.xcsc[e_.+f_.xx_])/Sqrt[a_+b_.+csc[e_.+f_.xx_]],x_Symbol] :=
A+Int[Sqrt[d«Csc[e+fxx]]/Sart[a+bsCsc[e+fxx]],x] +
B/d+Int [ (d«Csc[e+fxx])~(3/2)/Sqrt[a+bxCsc[e+fxx]],x] /;

FreeQ[{a,b,d,e,f,A,B},x] & NeQ[Axb-axB,0] && NeQ[a"2-b"2,0]
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' '\/a+b5ec[e+fx] (A+BSec[e+fx])

8:
\/dSec[e+fx]

dx when Ab-aB#0 A a>-b%#0

Derivation: Algebraic expansion

Basis: A+B z _ Bydz n A

\dz d \dz
Rule:If Ab-aB +0 A a?-b? #0,then

bs f A+BS f bs f
J\/EH ec[e+ x] ( . ec[e+ x]) dx — EJ\/a+b5ec[e+1‘x] \/dSec[e+fx] d1x+AJ\/a+ ec[e+ x] dx
\/dSec[ewa] d \/dSec[e+-Fx]

Program code:

Int[Sqrt[a_+b_.xcsc[e_.+f_.xx_] ]+ (A_+B_.xcsc[e_.+f_.+x_])/Sqrt[d_.xcsc[e_.+f_.+x_]],x_Symbol] :=
B/dxInt[Sqrt[a+bxCsc[e+fxx]]*Sqrt[dsCsc[e+fxx]],x] +
A+Int[Sqrt[a+bxCsc[e+fxx]]/Sqrt[d«Csc[e+fxx]],x] /;

FreeQ[{a,b,d,e,f,A,B},x] & NeQ[Axb-axB,0] && NeQ[a"2-b"2,0]



Rules for integrands of the form (a+b sec(e+f x)~"m (d sec(e+f x))~n (A+B sec[e+f x])

dx when Ab-aB#0 A a>-b%#0

_ (dsec[e+fx])" (A+BsSec[e+fx])
Q.J a+bsec[e+fx]

Derivation: Algebraic expansion

Basis: A+Bz __ A (Ab-aB) (dz)

a+bz a ad (a+b z)

Rule:If Ab-aB +0 A a?-b? £ 0,then

J-(dSec[e+fx])" (A+Bsec[e+fx]) Ab—aBJ-(dSeC[e+fX])"*1

A
d - | (ds fx])"ax-
x—»aJ‘( ec[e+ x]) X >

dx

a+bSec[e+-Fx] a+bSec[e+-Fx]

Program code:
Int[(d_.#csc[e_.+f_.xx_])~n_x(A_+B_.xcsc[e_.+f_.»x_])/(a_+b_.xcsc[e_.+f_.+x_]),x_Symbol] :=

A/asInt[ (dxCsc[e+fxx])n,x] - (Axb-axB)/(axd)+Int[(d+Csc[e+fxx])~(n+1)/(a+bsCsc[e+fxx]),x] /;
FreeQ[{a,b,d,e,f,A,B,n},x] & NeQ[Axb-axB,0] & NeQ[a"2-b"2,0]

X: J(a+bSec[e+fX])"‘ (dSec[e+fx])" (A+BSec[e+fx]) dx when Ab-aB#0 A a2-b%#0

Rule:If Ab-aB 0 A a?-b? # 0,then
J.(a+bSec[e+-Fx])'" (dsec[e+fx])" (A+BsSec[e+fx])dx —

J-(a+bSec[e+1“x])m (dsec[e+fx])" (A+BSec[e+fx]) dx

Program code:

Int[(a_+b_.xcsc[e_.+f_.xx_])"m_x(d_.*csc[e_.+f_.xx_])"n_.«(A_+B_.xcsc[e_.+f_.#x_]),x_Symbol] :=
Unintegrable[ (a+bxCsc[e+fxx] ) mx (dxCsc[e+fxx] ) nx (A+BxCsc[e+fxx]),x] /;
FreeQ[{a,b,d,e,f,A,B,m,n},x]| && NeQ[Axb-a+B,0] && NeQ[a"2-b"2,0]
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Rules for integrands of the form (a + bSec[e + fx])" (c +dSec[e+ fx])" (A+BSec[e +fx])P

1. j(a+b$ec[e+fx])"' (c+dsec[e+fx])" (A+BSec[e+fx])’dx whenbc+ad=0 A a>-b’==0

X: J(a+bSec[e+fx])'" (c+dSec[e+fx])" (A+BSec[e+fx])pd1x whenbc+ad=0 A a2-b2==0 A mez

Derivation: Algebraic simplification
Basis:If bc+ad==0 A a?-b? ==0,then (a+bSec[z]) (c+dSec[z]) == —acTan[z]?
Rule:if bc +ad=0 A a?2-b? =20 A me Z,then

J(a+b$ec[e+fx])"' (c+dsec[e+fx])" (A+Bsec[e+fx])?dx — (-ac)" Tan[e+-Fx]2'" (c+dsec[e+fx])"™ (A+BSec[e+fx])”dx

Program code:

(» Int[(a_+b_.#csc[e_.+f_.xx_]) m_.»(c_+d_.xcsc[e_.+f_.xx_]) n_.»(A_.+B_.xcsc[e_.+f_.#x_])"p_.,x_Symbol] :=
(-axc) *msInt[Cot[e+Fxx]~ (2xm) » (c+dxCsc[e+Fxx] )~ (n-m) » (A+BxCsc[e+Ffxx])~p,x] /;
FreeQ[{a,b,c,d,e,f,A,B,n,p},x| & EqQ[bxc+axd,0] && EqQ[a"2-b"2,0] && IntegerQ[m] &&
Not [IntegerQ[n] && (LtQ[m,0] && GtQ[n,0] || LtQ[O,n,m] || LtQ[m,n,0])] =*)

1: j(a+bSec[e+fX])m (c+dsec[e+fx])" (A+Bsec[e+fx])?dx whenbc+ad=0 A a’-b>=@0 A (m|n|p)ecZ

Derivation: Algebraic simplification
Basis:If bc+ad==0 A a2 -b? ==0,then (a+bSec[z]) (c+dSec[z]) == —acTan[z]?
Rule:if bc+ad=0 A a%?-b?>=0 A (m|n|p) ez, then

J(a+b$ec[e+fx])'" (c+dsec[e+fx])" (A+BsSec[e+fx])?dx — (-ac)" Tan[e+fx]2'" (c+dsec[e+fx])"™ (A+BSec[e+fx])”dx
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B (_ac)mJ«Sin[e+fx]2m (d+cCos[e+-Fx])""" (B+ACos[e+-Fx])p x

Cos[e+ fx| ML

Program code:

Int[(a_+b_.xcsc[e_.+f_.xx_])"m_.#(c_+d_.xcsc[e_.+F_.#x_]) n_.»(A_.+B_.xcsc[e_.+f_.#x_])"p_.,x_Symbol] :=
(-axc) "mxInt[Cos [e+fxx]~ (2+m) + (d+cxSin[e+Ffxx]) A (n-m) + (B+AxSin[e+fxx])p/Sin[e+fxx]~ (men+p),x] /;
FreeQ[{a,b,c,d,e,f,A,B,n,p},x] & EqQ[bxc+axd,0] 8&& EqQ[a*2-b"2,0] && IntegersQ[m,n,p]
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